Grain growth is generally driven to minimize the overall grain boundary energy.
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1.Introduction
Systems composed of domains of differing crystallographic orientation occur in systems ranging from dusty plasmas to colloidal crystals and polycrystalline materials [1, 2] . Grain boundaries are classically understood to move in a way that reduces the total interfacial energy, in a manner similar to soap froths. However, unlike soap froths there can be a coupling between the normal motion of the grain boundary (grain growth) and the tangential motion of the lattice [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . For example, low angle grain boundaries contain a unique constraint that lattice planes must be continuous across the grain boundary except at the dislocations that lie in the boundary. This induces a tangential velocity of the lattice that is proportional to the normal velocity of the grain boundary by the coupling parameter , which is equal to the misorientation in the small angle limit. This coupling can either induce a stress during motion, or allow the boundary motion to couple to an applied stress.
However, this coupling is surprisingly general, since it also occurs at high angle grain boundaries [4, 9] . For a circular grain embedded in a single grain, this gives rise to a rotation of the lattice as the grain shrinks [4, [16] [17] [18] [19] [20] [21] . However, the effects of the coupling in the more general and widely observed case where there are multiple grains and grain boundary trijunctions has not been investigated.
We study the effect of coupling on a system with a circular grain embedded in a symmetric tilt planar grain boundary using the phase-field crystal (PFC) model. The PFC model is uniquely suited to studying nanoscale grain growth because it captures atomic motion over diffusive timescales. Atomic resolution is required to 3 resolve the lattice continuity across the grain boundary and, as we will show, the diffusive timescales are necessary to observe grain growth. The PFC model has been previously used to study phenomena in solid state grain growth. Dislocations form spontaneously in the PFC model to relieve strain (e.g. at low-angle grain boundaries) and move through the crystal via climb and glide mechanisms [22, 23] .
For low-angle grain boundaries, the grain boundary energy follows the ReadShockley relationship [16, 24, 25] . The Asaro-Tiller-Grinfeld instability was studied using the PFC model, and the results were in quantitative agreement with continuum theory [26, 27] . The PFC model has also been used to study coupling during grain growth [16, 17, [28] [29] [30] , and the results match well with molecular dynamics simulations [9] .
For this study, the symmetric tilt geometry was chosen as the worst case scenario for grain rotation according to Cahn and Taylor [3] where the rotation induced by the first matrix grain would be exactly opposed by the rotation induced by the second matrix grain, and grain growth would be arrested due to this geometric frustration.We find that the coupling of the normal grain boundary motion and lattice translation leads to grain growth that is markedly different from that of a simple soap froth. Furthermore, in contrast to the case of an isolated grain, when a grain is embedded at a symmetric planar tilt grain boundary the coupling between the normal motion of the boundary and the tangential motion of the lattice gives rise to a rigid body translation of the lattice without rotation as the grain shrinks. The process is mediated by significant climb of the dislocations in the boundary, and 4 dislocation interactions at the trijunctions. Since climb is involved, this mechanism for grain growth depends on the self-diffusion process in the bulk crystal. Moreover, we find that grain shrinkage ceases if certain dislocation reactions do not occur at the trijunctions.
The Phase-Field Crystal Model
We use the dimensionless PFC model that employs the free energy functional [24, 25] ,
where ℱ is the dimensionless free-energy density, is the dimensionless atomic density field defined as time-averaged density of atoms relative to a reference value, and is a temperature parameter.The evolution of follows the standard phasefield evolution for a conserved order parameter, with as the dimensionless time
where the equations have been nondimensionalized by the length scale given by the lattice spacing and time scale related to the lattice spacing and diffusion coefficient [25, 31] . The PFC model has roots in classical density functional theory (CDFT). From CDFT the order parameter can be viewed as a dimensionless timeaveraged atomic density field. Peaks in can be considered as the positions of the atoms. However, these peaks also occur at lattice sites. As the height of a peak decreases, the vacancy concentration at that site increases until the site disappears.
Thus while the average density of the system is conserved, the number of peaks (or 5 lattice sites) in the system is not, since lattice sites can be created and destroyed by physical mechanisms such as dislocation climb. The simplicity of the PFC model allows us to identify the system-independent mechanisms responsible for grain growth in polycrystalline systems.
Results and Discussion
System Description
The PFC model, Eq. (2), was solved with periodic boundary conditions using = 0.1(a relatively high temperature, close to the solid-liquid phase boundary) unless otherwise stated, the average density � = −0.195, and a hexagonal twodimensional lattice. The initial density profile is given by the single-mode approximation, which then relaxes over short timescales. The three-grain system consists of circular grain embedded in a symmetric tilt planar grain boundary with a misorientation of ± between the embedded grain and each of the two outer grains, and a misorientation 2 of between the two outer grains (Fig. 1) . The initial diameter of the embedded grain was set as not more than 60% of the smallest dimension of the rectangular computational domain. The values of are limited due to the periodic boundary conditions. Misorientations of 3.4°, 5.2°, and 7.1° were chosen using the method of Mellenthin et al. [32] . The 5.2° system was tested using square meshes with 768 2 , 1152 2 , and 2304 2 mesh points. The mesh spacing was held constant yielding three different system sizes with three different initial sizes of the embedded grain. The mesh spacing varied slightly between the x and y directions because of the periodicity condition but was held constant between 6 system sizes. The 3.4° and 7.1° systems were computed using the 1152 2 system size.
The mesh spacing varies slightly between the three different misorientations to maintain periodicity but is kept less than √3 16 ⁄ , which is required for numerical accuracy. All distances in this paper are in units of the one-mode lattice parameter, but the system size was set using the equilibrium lattice parameter corresponding the free-energy minimum. 
Grain Translation
As the embedded grain shrinks, the dislocations move towards the plane of the planar bicrystal grain boundary in a path that is approximately perpendicular to it ( Fig. 1) . This maintains the constant average spacing of the dislocations, indicating that the misorientation does not change and therefore no rotation occurs. However, we find that there is rigid body tangential translation of the embedded grain (in the − direction), and that this motion exists in all of the initial conditions employed at = 0.1. The translation was significant: over four lattice parameters in the largest system.
If this translation is the result of the coupling described in Section 1, the coupling Table 1 . This good agreement with theory supports the notion that the movement of the embedded grain's lattice is due to the geometrically necessary coupling between the normal motion of the grain boundary and the tangential motion of the lattice. 
Geometric Model
The role of lattice continuity and the geometric reason why lattice translation occurs with grain shrinkage follows from an extension of the ideas of Cahn and
Taylor [3] , and is given in Fig. 2 . As the embedded grain shrinks, the lattice planes in the outer grain extend ( Fig. 2(b) ). This would break the continuity of the lattice planes across the circular grain boundary. The lattice planes in the embedded grain can maintain continuity of the planes perpendicular to the planar boundary if the embedded grain is translated parallel to the planar interface ( Fig. 2Fig .
2(c)).
However, the continuity of the lattice planes in the embedded grain that are parallel to the planar interface cannot be maintained by a rigid body motion and must be accommodated by strain. Near the leading edge, the lattice translation should lead to compressive strains in the embedded grain as the lattice planes are squeezed together and tensile strains in the outer grains as the lattice planes are pulled apart.
Near the trailing edge the expected strains are reversed. If the continuity of the lattice planes across the boundary was never broken, these strains would increase
to unrealistic values as the grain shrank. However, these strains are partially relieved by motion of the grain boundary dislocations tangentially to the grain boundary, since the motion of a dislocation can change which lattice planes extend from the outer grain to the embedded grain thus allowing for a better match of the lattice planes between the embedded and outer grains. To compare the strain in the simulations with those that follow from the proposed geometric model, the spatial distribution of dilatational strain 2 is given in Fig. 3 . The embedded grain is translating from right to left. 
Dislocation Mechanism
Since the displacement of the embedded grain is on the order of several lattice parameters, it cannot be accommodated by elastic strain. Thus, there must be another mechanism that allows the rigid body motion of the grain. We find that the grain boundary dislocations move via a combination of glide and climb, as shown in Fig. 4 for a dislocation on the leading edge, which allows the dislocations to move roughly perpendicular to the planar interface instead of along the close-packed direction of the Burgers vector (see Fig. 1 ). The climb mechanism also destroys lattice sites at the leading edge of the grain to allow for the rigid body translation.
While the dislocation motion on the trailing edge is essentially the same, the climb is in the opposite direction thus creating lattice sites. This also follows the strain fields in the embedded grain. The compressive strains on the leading edge build up and are relieved by the removal of a lattice site of the embedded grain which moves the lattice towards the leading edge trijunction. Likewise, tensile strains build up on the trailing edge and are relieved by the addition of a lattice site which moves the lattice away from the trailing edge trijunction.Lattice sites are also created on the leading edge and destroyed on the trailing edge by dislocation interactions that occur at the trijunctions. These reactions effect the embedded grain in the same manner as dislocation climb but to a much larger extent as will be shown in Section 3.5. This illustrates that grain growth processes can depend on atomic mechanisms that occur not in the grain boundary, but in the bulk crystal. Thus, grain growth rate can be a function of the bulk diffusivity, and not simply the grain boundary mobility.
A critical condition that allows this process to take place is the availability of climb as a mechanism for dislocation motion.This requires vacancies to diffuse toward the dislocations on the leading edge and away from the dislocations on the trailing edge.
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Vacancies in the PFC model are non-localized and manifest as variations in the peak height (i.e. a larger vacancy concentration equals alower average atomic density) [25] . The non-local property of vacancies in this model makes it difficult to observe the process of vacancy diffusion.Furthermore, the value of the vacancy concentration is dependent on the parameterization for the non-dimensional form of the PFC used here. As an example, using the definition of vacancy density from
Chan [33] and the parameterization for body-centered cubic iron [31, 34] , the variation in the vacancy density is 1.6 times the variation in the coarse grained density (see Appendix B of [35] ). Fluctuations of the coarse grained density in the embedded grain are on the order of 10 -4 giving variations in the vacancy density of the same order. The pattern of these fluctuations is complex and varies over time. It is not a simple gradient from the trailing to leading edge like the strain field shown in Fig. 3 . Therefore, while the observed dislocation climb requires diffusion of vacancies to and from the dislocations, the sources and sinks of vacancies that are required for the climb is unclear and remains a topic for future study. To confirm that dislocation climb fully compensates for the translation of the lattice, the amount of translation predicted by coupling is compared to the number of lattice sites added or removed by dislocation climb. From Cahn and Taylor [3] for the case of pure coupling (no sliding) in small angle tilt boundaries, the tangential velocity of the lattice ( ) is proportional to the normal velocity of the grain boundary ( ) by the misorientation angle ( ) (Eq. 3).
Integrating from the initial time until the embedded grain disappears yields the total displacement, .Integrating over the same time gives the total distance the grain boundary travels which is simply the initial radius, 0 . The result, which is given in Eq. 4, is that the total amount of translation depends only on the misorientation and initial radius.
Since the misorientation sets the dislocation density and the initial radius sets the Voorhees [16] , the net Burgers vector content (�⃗ ) of a segment ( ⃗) of a planar lowangle grain boundary with two sets of dislocations can be written as
where is the misorientation between the grains, � is the interface normal, and = | ⃗| is the length of the interface. Assuming a perfectly circular grain as the initial condition, and infinitesimal grain boundary segment can be described as 
By symmetry, the x component of the net Burgers vector for the grain boundary between the embedded grain and upper grain is the same as the grain boundary between the embedded grain and lower grain. Likewise, the net Burgers vector of the leading edge is equal and opposite to the that of the trailing edge because on the leading edge lattice are removed and on the trailing edge lattice sites are added.
Therefore, the amount of translation due to dislocation climb can be calculated by integrating Eq. 6 over a quarter of the grain boundary (e.g. 0 to /2). The x component of the result is identical to Eq. 4 showing that the translation due to coupling is fully allowed by climb of dislocations in the interface. Large values of only occur at times corresponding to the trijunction reactions (see Fig. 5 ). The trijunction reactions can be generally classified into two categories:
The Effects of Trijunctions
reactions that bend the grain boundary between the matrix grains out of plane and reactions that restore that grain boundary to planar. Both reactions accelerate the embedded grain's translation, but the reactions that restore the grain boundary to planarity have significantly more effect. In the interval between the trijunction reactions, the velocity of the embedded grain moves toward zero until another trijunction reaction occurs.
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The dislocation reactions at the trijunction also create large strains in the vicinity of the trijunction. As a dislocation approaches the trijunction, there is an attractive force between the dislocation in the boundary and the one in the trijunction due to the strain fields generated by the dislocations. As the dislocation is pulled into the trijunction, the local dislocation spacing increases and becomes inconsistent with the dislocation separation that is given by the Frank formula, or the misorientation.
Since neither grain can rotate, large strains develop (Fig. 6 ) which are subsequently relieved by motion of the grain boundary (shrinking) and the corresponding translation. 
Trijunctions at Lower Temperatures
The importance of trijunctions increases at lower temperatures(i.e. larger ) and further from the phase boundary ( � closer to 0). At very low temperatures grain growth eventually stops when climb is no longer feasible. However, the embedded grain can stop shrinking above this temperature, while a circular grain embedded in a single crystal is still able to shrink [29] .Since the grain embedded in a single crystal requires dislocation climb to shrink, the arrest of grain growth in this intermediate temperature regime is not due to the difficulty of dislocation climb, but is linked to the dislocation reactions that occur at the trijunction.
As a dislocation in the boundary moves toward the trijunction,its ability to react with the dislocation in the trijunction determines whether grain growth will continue or stall. Globally, the dislocation is pushed towards the trijunction by the curvature of the grain boundary. Locally, the stain fields of the two dislocations with appropriate Burger's vectors, can provide a larger attractive force. If the Burgers vectors are 120° apart,the dislocations each contain a half plane that can combine to form a full plane and a single dislocation with a Burgers vector that is 60° from both original dislocations. As the dislocation approaches the trijunction, its slip plane is not usually aligned with the slip plane of the dislocation in the trijunction such that they can combine via glide, and climb is necessary to align them. It is only when the slip planes of the two dislocation align that the large attractive force is present to the boundary dislocation into the trijunction. Opposing this attractive force is the strain created when the dislocation moves into the boundary. While in general the dislocations in the grain boundary of the embedded grain move uniformly to preserve the dislocation spacing, when the dislocation is pulled into the trijunction the local dislocation spacing changes from the equilibrium spacing expected from the misorientation angle. This creates an area of smaller misorientation and large strains in the trijunction (Fig. 6 ).
The ability of dislocations to pass through each other is not necessary for trijunction reactions, but greatly facilitates it. The planar grain boundary that is formed at the trijunction as the embedded grain shrinks is composed of roughly alternating dislocations with Burgers vectors that are 60° apart (this pairing can be seen at the end of the dislocation paths in Fig. 1 At lower temperatures, it is well known that the elastic constants increase and thus the elastic strain energy increases. This increase in elastic energy provides more opposition to the dislocation reaction at the trijunction than at higher temperatures. This is evident in the energy curves shown in Fig. 7 (a) . The drops in energy correspond to dislocation reactions at the trijunctions and the height of those drops increases with . By = 0.13, grain growth stalls after just one trijunction reaction.
More importantly, the slope of the energy curve before the trijunction reaction approaches zero as increases. The system has now reached a metastable equilibrium point where motion of the dislocation toward the trijunction would cause the energy of the system to increase, despite the decrease in energy associated with decreasing the grain boundary length of the embedded grain. The chemical potential of the system is uniform after growth is stalled (Fig. 7 (c)) compared to a higher chemical potential in the embedded grain during growth ( Fig.   7 (b) ). The addition of noise (as normally distributed random fluctuations added to the density field) did not restart grain growth, even in the extreme case of noise with a standard deviation of 0.5 (as compared to the density range from minimum to maximum of 0.8), indicating that this metastable state is extremely stable.In addition, if the metastable equilibrium condition in Fig. 7 (c) is used as an initial condition at slightly higher temperature the grain will shrink, indicating that when the elastic stress present at lower temperature decreases there is no longer an impendent to grain shrinkage.
High-angle Grain Boundaries
The three-grain system was also examined with a misorientation of 15.2° to observe any differences in behavior compared to the low-angle system. At = 0.10 the grain boundary is wet and no coupling is observed. At = 0.12 the behavior is similar to the low-angle case albeit with slower dynamics. Using the same analysis, the coupling parameter is about 1% less than expected by theory. At = 0.13, grain growth is stalled just as it is in the low-angle case. The primary difference between low-and high-angle grain boundaries in this system is the lack of coupling at higher temperatures as the grain boundary becomes wet and the lattice is no longer continuous across the boundary. 
Multigrain Simulations
To observe grain translation in a more complex system, a square domain of size 3214 2 at = 0.12was seeded with random density fluctuations and evolved until grains formed. The resulting microstructure was then coarsened at of 0.10, 0.12, and 0.13 (See Fig. 8 ).At = 0.10, grain growth is dominated by high angle grain boundaries which move by sliding (as discussed in Section 3.7) and have a significantly higher mobility. At = 0.12, the high angle grain boundaries also exhibit coupling, and translation can be seen during coarsening. Fig. 9 shows the evolution of one grain in the system as it shrinks. There is little change in the grains orientation (~1°), and the paths of the peaks in the grain show translation as expected. Analysis of other grains in the system indicates that while the case of pure translation may not commonly occur(only3 cases out of over 150 grains), grains often exhibit some combination of rotation and translation.Further study is needed to quantify the effects of translation in complex polycrystalline systems. 
The Effect of Dimensionality and Crystal Symmetry
The results presented here are all in two-dimensions (2D) and for the hexagonal crystal structure. Remaining in 2D, a different crystal structure, such as square, will change the dislocation structure of the grain boundary. While this affects the ease at which dislocations move and the reactions that occur at thetrijunctions, the basic geometric description of the translation process shown in Fig. 2 is not dependent on the crystal structure. As long as the lattice planes are continuous across the grain boundary and the dislocations are able to climb, translation should occur in all 2D
crystal structures for some range of temperatures.
The transition from 2D to three-dimensions (3D) will have a larger impact than changing the crystal structure. Attempting to translate the geometric model into 3D presents significant complications because the lattice plane continuity across the grain boundary is more complex. For the case of a cylindrical grain embedded at a symmetric tilt boundary, the behavior in 3D should be similar to the 2D case presented here, butthe extra degree of freedom allows the orientation of the embedded grain to vary in more ways that would not necessarily match this model.
For the case of a spherical grain embedded at a symmetric tilt boundary, the dislocation structure is significantly more complex, and the simple model used here no longer captures all the continuous lattice planes. Further study is needed to understand the effects of coupling in 3D.
Conclusion
In conclusion, the continuity of lattice planes across a grain boundary can give rise to grain translation in polycrystalline systems during grain growth. We show that as a grain that is embedded in a bicrystal boundary shrinks, grain boundary dislocations climb to add or remove lattice sites on the trailing and leading edge of the grain which allows translation to occur. 
